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The quantum anomalies at the edges correspond to the topological phases in the system, and the
chiral edge states can reflect bulk bands’ topological properties. In this paper, we demonstrate a
simulation of Floquet system’s chiral edge states in position shaken finite-size honeycomb optical
lattice. Through the periodical shaking, we break the time reversal symmetry of the system, and get
the topological non-trivial states with non-zero Chen number. At the topological non-trivial area,
we find chiral edge states on different sides of the lattice, and the locations of chiral edge states
change with the topological phase. Further, gapless boundary excitations are found to appear at
the topological phase transition points. It provides a new scheme to simulate chiral edge states in
the Floquet system, and promotes the study of gapless boundary excitations.
I. INTRODUCTION
Since the quantum Hall effect was discovered [1, 2],
the research on topological phases has attracted intense
attention. With the study on those topological phenom-
ena developing, edge states are frequently found to be
associated with topological properties of bulk bands [3],
and this relationship is summarized as bulk-edge cor-
respondence [4–6]. Due to topological protection, edge
states are robust against weak disorders [7–9]. Conse-
quently there is considerable potential in the design of
dissipationless or low-power electronic devices [10], as
well as in spectroscopic techniques [11–13]. One inter-
esting edge phenomenon is gapless boundary excitation
[14, 15]. For example, graphene exhibits edge states un-
der some particular boundaries, which is of great signifi-
cance to electronic transport [16]. There are several de-
tection methods of edge states topological materials [17]:
The most commonly used method is detecting quantized
values on semiconducting heterostructures [18, 19], and
some unique topological semimetals, like Weyl semimet-
als, can be directly observed by fermi arcs [17, 20–22].
Recently, many researchers have begun to explore
topological phenomena in Floquet systems, a kind of pe-
riodically driven systems with time-dependent Hamilto-
nians. They provide various routes to a non-trivial topo-
logical system in the condensed matter [23–25], photonics
[26–29], and cold atoms [30–33]. Those dynamic systems
can also be described by the topological invariants used
in static systems [34–37], and obey bulk-edge correspon-
dence [38]. Beyond these, there are many unique char-
acteristics due to the periodic driving, like time crystals
[39, 40] and anomalous edge states [41].
Ultracold atoms in the optical lattice provide a con-
trollable platform to simulate condensed matter [42–46].
An important breakthrough is the implementation of ar-
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tificial gauge fields in the ultracold atoms system, which
makes it possible to simulate topological phenomena, for
instance, Weyl semimetal [47–49], Chern number in high-
dimensional space [50] and Chiral edge states [51–54]. As
a method of achieving artificial gauge fields, the shaken
optical lattice opens a path to study chiral edge states in
the Floquet system [55, 56], with the advantages of sim-
plicity, high efficiency and high controllability [57–59].
In this paper, we demonstrate the simulation of edge
states in position shaken finite-size honeycomb optical
lattice. We periodically shake the position of the finite-
size honeycomb optical lattice, which breaks the time-
reversal-symmetry and causes topological non-trivial
phases to appear in the system. Through adjusting the
shaking frequency and shaking direction, the topological
phase will transit. We find a pair of chiral edge states
on different sides of lattice in the topological non-trivial
area. Furthermore, at phase transition points we observe
a pair of gapless boundary excitations with two chiral
edge states on the same side of the lattice. Combining
with the advantages of ultracold atoms in optical lattices,
it might be a new approach to study chiral edge states
in Floquet systems.
The remainder of this paper is organized as follows.
In Sec.II, we introduce the model of the shaken honey-
comb optical lattice and derive effective Hamiltonian of
the shaken lattice. In Sec.III, we calculate the Chern
number of the infinite-size lattice. In Sec.IV, we restrict
the number of lattice sites and observe the chiral edge
states in the finite-size lattice. Finally, we give a conclu-
sion in Sec.V.
II. MODEL DESCRIPTION AND EFFECTIVE
HAMILTONIAN
A. Model description
We constructed a model of finite-size honeycomb opti-
cal lattice, as Fig. 1(a) shows. In the honeycomb lattice,
ar
X
iv
:2
00
8.
04
04
1v
1 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 10
 A
ug
 20
20
2FIG. 1. Schematic diagram of the 2D shaken honeycomb lattice. (a) The finite-size honeycomb optical lattice in our
system. The orange circle represents the point A, and the green circle is point B. The lattice sites between the two black
dashed lines form a repeating unit, which satisfies the periodic boundary condition marked by the black dashed lines in the y
direction, and has N sites in x direction. tAB denote the nearest-neighbor tunneling coefficient, and d is the distance between
nearest-neighbor points. ~u1, ~u2, ~u3 are vectors between nearest-neighbor points. (b) The energy spectrum of the honeycomb
optical lattice’s lowest two bands. Parameters: VA = VB = 13.0 Er, d =
2
√
3
9
λ = 409.53 nm, where λ = 1064 nm is the
wavelength of laser beams, and VA and VB are the potential depth of point A and point B respectively. Er is photon recoil
energy. ~ω0 represents the width of the lowest two bands. (c) Schematic diagram of the position shaking trajectory ~R(t). The
blue arrow indicates the form of shaking. The solid blue line is initial position of the lattice cell, and the blue dashed line is
the position of the cell during shaking.
there are two kinds points: the orange circle represents
the point A, and the green circle is point B. d = 2
√
3
9 λ
is the distance between nearest-neighbor points, where
λ is the wavelength of laser beams forming the honey-
comb optical lattice. N is the number of lattice sites in
x direction. A periodic boundary condition is used in
the y direction, marked by the black dashed lines. Be-
tween the two black lines, there are 2N sites, and these
sites form a repeating unit of the lattice. The properties
of the honeycomb lattice can be reflected by a repeating
unit.
Neglecting the weak atomic interactions, the single-
particle two-bands tight-binding Hamiltonian of the 2N
sites in a repeating unit can be written:
Hˆ0 =
∑
i
Vic
†
i ci +
∑
i6=j
tijc
†
i cj . (1)
The i (j) marks the site in a repeating unit, represented
by an array (C, n), where C=A,B and n = 1, 2, 3, ...N .∑
i 6=j denotes summation over pairs of different sites. Vi
is the potential depth at site i. tij denotes the tunneling
coefficient between site i and j. The operators c†i and ci
3denote the creation and annihilation operator at site i,
and so is c†j and cj .
Fig. 1(b) shows the lowest two bands of the honeycomb
lattice, which is described by Eq. (1) and N tends to in-
finity. In the following calculation, the potential depths
of point A and B are both 13.0 Er, and the nearest-
neighbor tunneling coefficient tAB = 0.15 Er, which can
be calculated by the overlapping integral of the wannier
function [60]. Er = (2pi~)
2
2Mλ2 is photon recoil energy, and
λ = 1064 nm. M is the mass of the 87Rb atom. In
the figure, these two bands are the form of the trigono-
metric function, and the gap is closed. So in the origin
of momentum space (the x, y component of momentum
kx = 0, ky = 0), the distance between the two bands is
the largest. We define the largest distance as the width
of the two bands as ~ω0.
If we shake the optical lattice along track ~R(t), in opti-
cal lattice reference system, the atoms receive an inertial
force ~F (t) = −M ~¨R(t). So the Hamiltonian of the shaking
honeycomb optical lattice is written as:
Hˆ = Hˆ0 + Hˆ1(t), (2)
where
Hˆ1(t) = −
∑
i
~F (t) · ~r(i)c†i ci. (3)
~r(i) is the position vector of site i.
We choose the shaking trajectory ~R(t) as an ellipse
(A1cosωt,A2cos(ωt + ψ)), shown in Fig. 1(c), where
A1cosωt,A2cos(ωt + ψ) are x, y component of ~R(t). ω
is the shaking frequency and A1, A2 are the shaking am-
plitudes. Shaking phase ψ and shaking amplitude ratio
A1/A2 jointly decide the direction of shaking. This shak-
ing introduces an artificial gauge field in the Floquet sys-
tem, which is equivalent with the electromagnetic field in
condensed matter systems.
The above 2D shaken optical lattice can be constructed
with three linearly polarized laser beams, which are per-
pendicular to lattice plane, with an enclosing angle of
120◦ to each other, which has been demonstrated in re-
cent works [61, 62]. The total potential energy of optical
lattice is written as
V (~r) = V0
∑
i′,j′
cos
[
( ~ki′ − ~kj′) · ~r − (θi′ − θj′)
]
. (4)
where i′, j′ = 1, 2, 3 represent three directions of
wave vectors of laser, and ~k1 = (
√
3pi,−pi)/λ, ~k2 =
(−√3pi,−pi)/λ, ~k3 = (0, 2pi)/λ are wavevectors. λ is the
wavelength of the laser beam, V0 denote the potential en-
ergy of the lattice. The three angles θ1, θ2, θ3 represent
the relative phases of the three laser beams. The shak-
ing can be achieved by periodically modulating the three
angles with time as (θi′ − θj′) = ( ~ki′ − ~kj′) · ~R(t), and the
potential energy of optical lattice is rewritten as [63, 64]:
V (~r) = V0
∑
i′,j′
cos
[
( ~ki′ − ~kj′) · (~r − ~R(t))
]
. (5)
This potential energy means the lattice shake along ~R(t).
The size of the optical lattice is determined by the
waist of the Gaussian beam, and the number of lattice
sites in the light waist area can be considered as N . Gen-
erally, there are hundreds of sites in an optical lattice in
our past experiment [63].
B. Effective Hamiltonian
Above, we describe the model of the shaken finite-size
optical lattice and give the Hamiltonian Hˆ with time.
In this section, for further calculation, we introduce the
method to calculate time-averaged effective Hamiltonian
Heff using Floquet theory.
First, we use an unitary transformation to change the
Hˆ into the Hamiltonian in laboratory reference system
Hˆ ′ as:
Hˆ ′ = Uˆ
(
Hˆ(t)− i~ ∂
∂t
)
Uˆ† −
(
−i~ ∂
∂t
)
=
∑
i
Vic
†
i ci −
∑
i 6=j
tij exp (izijsin(ωt+ φij)) c
†
i cj . (6)
Uˆ is a unitary operator:
Uˆ = exp
(∫ t
0
dτ
i
~
∑
i
~F (τ) · ~r(i)c†i ci
)
. (7)
zij , φij , ~rij , ρij are defined as:
zij = −Mω · ρij/~, (8)
φij = arcsin[~rij · (0, A2sinψ)/ρij ], (9)
~rij = ~r(i)− ~r(j), (10)
ρij =
√
[~rij · (A1, A2cosψ)]2 + [~rij · (0, A2sinψ)]2.(11)
The symbol (A1, A2cosψ) represents a 2D vector.
Next, using a Jacobi-Anger expansion: eiz sin θ =∑+∞
n=−∞ Jn(z)einθ where Jn represents nth order Bessel
function of the first kind, we can rewrite H ′ as an e-
exponent form:
Hˆ ′ =
∑
i
Vic
†
i ci−
+∞∑
n=−∞
∑
i 6=j
tijJn(zij) exp (in(ωt+ φij)) c†i cj
= Hf0 +
∑
n 6=0
Hn exp (in(ωt)) , (12)
where Hf0 =
∑
i Vic
†
i ci −
∑
i 6=j tijJ0(zij)c†i cj , and Hn =
−∑i 6=j tijJn(zij) exp (inφij) c†i cj . Hf0 is constant term
of e-exponential expansion, and Hn is coefficient of
exp (in(ωt)), where n = ±1,±2,±3 · · · .
4Finally, we perform a high-frequency expansion on H ′
to get the effective Hamiltonian Heff as:
Heff = H
(0)
eff +
1
~ω
H
(1)
eff , (13)
where
H
(0)
eff = Hf0
= −
∑
i
∑
~ul
J0(z~ul)tABe
−i~k·~ulc†k(i)ck(i+ ~ul), (14)
H
(1)
eff =
∞∑
n=1
[Hn, H−n]
n
= 2i
∑
i
∑
~ul
∑
~u′l
J1(z~ul)J1(z~u′l)t
2
ABe
−i~k·(~ul+~u′l)
·sin(φ~ul − φ~u′l)c
†
k(i)ck(i+ ~ul + ~u
′
l). (15)
~ul (~u
′
l) are vectors between nearest-neighbor points: ~u1 =
(−
√
3
2 d,− 12d), ~u2 = (0, d) and ~u3 = (
√
3
2 d,− 12d). The
operators ck(i) denote the annihilation operators at point
(i, n) in momentum space. ck(i) = ak(n) at point A
or ck(i) = bk(n) at point B. In the calculation of Eq.
(14) and (15), we keep up to nearest-neighbor terms and
choose A1 = A2 = d (More deltails see in Appendix A).
It is worth noting that the effective Hamiltonian
Eq.(13) is applicable to any value of N . On the one
hand, if N is infinite, the system has translational sym-
metry, and in momentum space each creation operator
at point A is equivalent, and so is point B. Therefore,
the effective Hamiltonian is 2 × 2 dimensional. On the
other hand, when N is finite, the translation symmetry
in the x direction is broken. Hence in the lattice point
A is not equivalent to each other, and so is point B. In
other words, these 2N operators ci are not equivalent to
each other, which causes a 2N × 2N dimensional Hamil-
tonian. (More details about effective Hamiltonian of the
infinite-size system see in Appendix A)
III. CHERN NUMBER OF INFINITE-SIZE
SYSTEM
We have derived the effective Hamiltonian of the
shaken lattice. Next we study its topological proper-
ties. The topological properties of a system can be di-
vided into properties of bulk states and properties of edge
states, which are different but related. In this section, we
study the bulk states’ topological properties in the Flo-
quet system, through calculating its Chern number under
different shaking parameters.
The Chern number reflects topological properties of
bulk states. And the number of lattice sites N should
be large to reflect the bulk’s properties. Hence, for con-
venience, we choose N → ∞. The system in infinite
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FIG. 2. The Chern number phase diagram. The blue
and yellow area represent topological non-trivial phases with
Chern number C = -1, +1, and green area represents topo-
logical trivial phase with C = 0. The black dashed line marks
the ω = 0.35ω0, and red points P1,P2 and P3 mark three sit-
uations of the phase diagram, which will be discussed below.
situation is equavalent to a two-band system, so we can
rewrite the form of effective Hamiltonian (13) as [65, 66]:
Heff,N→∞ = h0 · Iˆ + ~h · ~ˆσ, (16)
where Iˆ =
(
1 0
0 1
)
is the identity matrix and ~ˆσ is Pauli
matrix. h0 is a scalar to describe this Hamiltonian, and
~h is the Bloch vector of the lower band. Therefore the
Berry curvature of the system can be written as [67]:
~Ω(~k) =
1
2
(∂kx hˆ× ∂ky hˆ) · hˆ, (17)
where hˆ = ~h/|~h|. The Berry curvature only has z compo-
nent, and x, y component of the system are always zero.
Through surface integral of Berry curvature in the first
Brillouin zone, we can get Chern number of the system
as:
C =
∫
S
d~S · ~Ω(~k). (18)
Here S is the integration area, which is chosen as the
first Brillouin zone. The direction of ~S is kz direction
perpendicular to the kx − ky plane.
Removing non-nearest-neighbor tunneling coefficients
and changing the shaking parameters ω and ψ, we can
calculate the Chern number under different ψ and ω,
shown in Fig. 2. The figure shows the Chern number
below 0.8ω0, and the yellow area and the blue area rep-
resent C = +1 and C = −1, respectively. Further, when
ψ is the opposite, the Chern number is also the oppo-
site. The reason we focus on the area below 0.8ω0 is that
5FIG. 3. Schematic diagram of equivalent electromag-
netic acceleration over time. αx, αy is the x,y compo-
nent of effective magnetic field acceleration ~α. The blue lines
are the trajectories of equivalent electromagnetic acceleration
over time. The parameters of figure (a), (b) and (c) are se-
lected as point P1, P2 and P3 in Fig. 2, respectively.
when the shaking frequency ω is near ω0, the lowest two
bands between point A and point B will be coupled with
each other and the topological phase will become very
complex.
In Fig. 2, there are two kinds of area worth studying.
The first is the topological non-trivial area, like point
P1 and P2 where ψ = ±pi/2 and ω = 0.35ω0. When
pi > ψ > 0 (point P1) and −pi < ψ < 0 (point P2), Chern
number is ±1, respectively. And the other one is the
phase transition points, taking point P3 as an example,
where ψ = 0, ω = 0.35ω0, and its Chern number can be
calculated accurately as 0. Further, we choose a typical
line ω = 0.35ω0, which is in the middle of the topological
non-trivial area, and use the points on the line to describe
the topological phase.
The shaking produces equivalent electromagnetic
fields, which cause the non-trivial topological phases. We
a b
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FIG. 4. The band structure and atomic density dis-
tribution of point P1 and P2 in Fig. 2. (a) The band
structure of system at ky = 0 plane at point P1. The num-
ber of point N=200. Blue lines are bulk bands, and the two
red bands 1 and 2 are chiral edge states. There are a total
of 400 bands in the system. Due to the limited picture size,
only 100 bulk bands and 2 edge bands are drawn here. (b),(c)
The atomic density distributions of band 1 and 2 at point P1.
The abscissa n represents the number of the points, and the
ordinate indicates that the point is A or B. (d-f) are the band
structure and atomic density distributions corresponding to
point P2.
define the effective magnetic field acceleration to describe
equivalent electromagnetic fields as:
~α = (αx, αy) = ~F (t)/M. (19)
Fig. 3 shows ~α at different ψ over time. The Fig.
3(a)(b) shows the situations at point P1 and P2 in Fig.
2, and the paths of ~α are circles in different directions.
In Fig. 3(c), which shows the situation at point P3 in
Fig. 2, the ~α oscillates along a straight line with time
increasing. When ψ 6= 0,±0.5pi, ~α changes along an el-
liptical path with time. The straight path is equivalent
to an oscillating electric field, and the system satisfies
time reversal symmetry. While the circular or elliptical
path break time reversal symmetry, the effect of which is
equivalent to a magnetic field.
IV. CHIRAL EDGE STATES OF FINITE-SIZE
SYSTEM
In the above section, we study the bulk states’ topo-
logical properties of the system and find topological non-
trivial phases and topological phase transition points. In
the topological non-trivial area, it can be predicted, us-
ing classic bulk-edge correspondence, that there are chiral
edge states. But at phase transition points, it is difficult
to predict the situations of chiral edge state. In this sec-
tion, we discuss the chiral edge states by band structure
and atomic density distribution.
6FIG. 5. The atomic density distributions of band 1 and
2 along ω = 0.35ω0 line. Parameter: N=200, ω = 0.35ω0.
The lines are the fitted line of the calculated data points. The
solid line and dashed line marks the band 1 and 2. The yellow
and purple line represents the atoms in the six points on the
right and left edge. The circle T1, T2 represent the transition
point of edge band 1 and 2, respectively.
First, we study the edge states in the topological non-
trivial area by band structure. We choose the number
of points N as 200 in the following calculation, and solve
the eigenvalue equation of the effective Hamiltonian Heff
at point P1 and P2. Their band structures are shown in
Fig. 4 (a) and (d). In these two figures, there are 2×N
bands. 2 × (N − 1) of them can be divided into upper
and lower blocks marked by blue lines, which correspond
to the upper and lower band in Fig. 1(b). And there are
two bands connecting the upper and lower bulk bands,
marked by red lines, and we call them band 1 and 2.
Next we show the atomic wave function location of
band 1 and 2 in real space. The eigenstate |ci〉 at site
i can be derived from Fourier transform of eigenstate in
momentum space |ck(i)〉:
|ci〉 = ζ(i)
∑
k
|ck(i)〉e−i~k·~r(i). (20)
ζ(i) is normalization coefficient. |ck(i)〉 can be calculated
by solving the eigenvalue equation of effective Hamilto-
nian (13).
The eigenstates of two edge states at point P1 and P2
are shown in Fig. 4 (b-c) and (e-f). The abscissa is po-
sition n, and the ordinate represents point A or B. The
colors in the figure represent the density of atomic dis-
tribution. The redder the block is, the higher the atomic
density becomes. In Fig. 4 (c) and (e) there are more
than 88% atoms at the six points on the right edge, and
the density is close to 0 away from the edge. While in
Fig. 4 (b) and (f), there are also more than 50% atoms
at the twelve points on the right edge. It shows that
band 1 and 2 are chiral edge states. Further, the edge
states of band 1 and 2 are chirally symmetrical, because
the optical lattice is chirally symmetrical. The ratio of
atoms at the edge will increase with N.
a
b
c
FIG. 6. The band structure and atomic density dis-
tribution of point P3 in Fig. 2. (a) The band structure
of system in ky = 0 plane at point P3. The number of point
N=200. Blue lines are bulk bands in the system, and the two
red bands 1 and 2 are chiral gapless boundary excitations.
Due to the limited picture size, only 100 bulk bands and 2
edge bands are drawn here. (b) (c) the atomic density dis-
tributions of band 1′ and 2′, at point P3. The meaning of
abscissa and ordinate is the same as Fig. 4.
In order to further study the chiral edge states in the
topological non-trivial area, we calculate the atomic den-
sity distribution along the black dashed line ω = 0.35ω0
in Fig. 2. Shown in Fig. 5, the yellow lines indicate the
ratio of atoms on the left six points of the lattice to to-
tal atoms, and the purple lines are corresponding to the
right edge. In the figure, at the points of highest atomic
density, over 90% atoms appear at one edge of the lat-
tice. And at point P1 and P2, there are over 70% atoms
at the edge. This further explains the band 1 and 2 in
Fig. 4 are edge bands.
The transition points of bulk states, marked by Chern
number appear at ψ = 0. However, in Fig. 5, the tran-
sition points of edge states, where atoms are distributed
from left to right, are different from the transition points
of bulk bands. The transition point T1 and T2 are marked
by black circles. In band 1, when ψ is from −pi to pi, there
are two phase transitions, and the difference of ψ between
the two T1 points is pi, so is T2. Next, we focus on the
7FIG. 7. The atomic density distributions of gapless
boundary excitations along ψ = 0 line. Parameter:
N=200, ψ = 0. The points are calculated data, and the solid
lines are the fitted lines of these points. The red line and
yellow line mark atomic ratio of band 1’ in the six pionts on
the left and right edge. The blue and green line corresponds
to band 2’.
two transition points around ψ = 0. The T1 point is to
the left of the zero of ψ, and T2 is to the right of the zero
of ψ. Thus, around zero of ψ, the atoms of band 1 and 2
are distributed on the same side of the lattice.
On the line ψ = 0, taking point P3 as an example, the
band structure and atoms distribution of this point is
shown in Fig. 6. The bulk bands in Fig. 6(a) are closed.
Between the bulk bands there are two gapless excitations,
marked by red lines, and we name them as band 1′ and
2′. These gapless excitations generally locate at the edges
of the systems, because the quantum Hall states contain
no bulk gapless excitations [68, 69]. We calculate the
distribution of atoms to show the location of band 1′ and
2′. It is shown in Fig. 6 (b) and (c), corresponding to
band 1′ and 2′, respectively. In the figures, over 82%
atoms are at six points on the right edge. It is consistent
with our analysis of Fig. 5 that when ψ = 0 the two
edge bands will appear on the same edge. By the way,
when ψ = pi, the two chiral gapless boundary excitations
will both appear at the left edge. Consequently the two
bands are indeed chiral gapless boundary excitations.
In order to fully describe the phase transition points
of Chern number, we calculate the distribution of atoms
along the line ψ = 0, as Fig. 7 shows. In the figure,
the yellow and green lines represent the atoms in the six
points on the left edge of band 1′ and 2′, and the red and
blue lines represent the atoms in the six points on the
right edge of band 1′ and 2′. With shaking frequency ω
increasing, the atoms gradually spread to the right edge
of lattice, and finally over 99% atoms are distributed on
the right edge.
When −pi < ψ < pi, only at the transition points
ψ = 0, this system has time-reversal symmetry, which
causes Chern number at transition points to be 0. And
the potential depths of point A and B are the same, so
the gapless boundary excitations will appear at transition
points. The two gapless boundary excitations are on the
same edge of the lattice, which means the chiral symme-
try of this system is broken at these points. The reason
of this broken chiral symmetry needs further research.
V. CONCLUSION
In summary, we propose a scheme to realize chiral edge
states of Floquet system in position shaken honeycomb
optical lattice. We shake the honeycomb optical lattice
to get non-trivial topological phases, and observe edge
states at non-trivial topological phases and phase transi-
tion points. Through deriving the effective Hamiltonian
of the Floquet system, the Chern number under different
shaking parameters of the system and corresponding chi-
ral edge states are calculated. In the non-trivial topolog-
ical area, we find a pair of chiral edge states at different
sides of the optical lattice, and gapless boundary exci-
tations at the same side of optical lattice around phase
transition points. This Floquet system obeys the bulk-
edge correspondence. However, the transition points of
edge states and bulk states are inconsistent, which causes
the gapless boundary excitations appearing on the same
side. Our work might be a promising route to study edge
states in Floquet system, and provides more detailed in-
sight into the gapless boundary excitation.
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Appendix A: Effective Hamiltonian of the finite-size
system
In the derivation of Eq.(14) and Eq.(15), it need to
fourier transform c†i and ci, the creation and annihila-
tion operators in real space, to get ck(i)
† and ck(n), the
corresponding creation and annihilation operators in mo-
mentum space as:
ci =
1√
Θ
∑
k
ck(i)e
−i~k·~r, (A1)
where Θ is the number of lattice sites. For finite-size
system, the system doesn’t have translational symmetry,
and the operator every ck(i) is different. Within periodic
boundary condition in y direction, there are 2N points
(N point A and N point B). So the effective Hamiltonian
has 2N eigenstates |ck(i)〉.
8For example, if we choose N = 3 and use a table to
describe the effective Hamiltonian, the effective Hamilto-
nian can be written as:
 𝑎𝑎𝑘𝑘(1) 𝑎𝑎𝑘𝑘(2) 𝑎𝑎𝑘𝑘(3) 𝑏𝑏𝑘𝑘(1) 𝑏𝑏𝑘𝑘(2) 𝑏𝑏𝑘𝑘(3) 
𝑎𝑎𝑘𝑘(1)† −Δ2 𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3 𝑃𝑃13𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 2 𝑄𝑄2𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 2 𝑄𝑄3𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 3 0 
𝑎𝑎𝑘𝑘(2)† �𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1
+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3�  
−
Δ2 𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3 𝑄𝑄1𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 1 𝑄𝑄2𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 2 𝑄𝑄3𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 3 
𝑎𝑎𝑘𝑘(3)† �𝑃𝑃13𝑒𝑒−𝕚𝕚𝑘𝑘�⃗⋅𝑣𝑣�⃗ 2�  �𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3�  −
Δ2 0 𝑄𝑄1𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 1 𝑄𝑄2𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 2 
𝑏𝑏𝑘𝑘(1)† 𝑄𝑄2𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 2 𝑄𝑄1𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 1 0 Δ2 �𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3�  
�𝑃𝑃13𝑒𝑒−𝕚𝕚𝑘𝑘�⃗⋅𝑣𝑣�⃗ 2� 
𝑏𝑏𝑘𝑘(2)† 𝑄𝑄3𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 3 𝑄𝑄2𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 2 𝑄𝑄1𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 1 𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3 Δ2 �𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3�  
𝑏𝑏𝑘𝑘(3)† 0 𝑄𝑄3𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 3 𝑄𝑄2𝑒𝑒𝕚𝕚𝑘𝑘�⃗ ⋅𝑢𝑢�⃗ 2 𝑃𝑃13𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 2 𝑃𝑃32𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 1+ 𝑃𝑃21𝑒𝑒−𝕚𝕚𝑘𝑘�⃗ ⋅𝑣𝑣�⃗ 3 Δ2 
其中 
𝑃𝑃32 = −� 2𝕚𝕚ℏ𝑤𝑤� 𝐽𝐽1(𝑧𝑧3)𝐽𝐽1(𝑧𝑧2)𝑡𝑡3𝑡𝑡2         ∗ (𝐵𝐵 ∗ 𝑢𝑢3𝑦𝑦 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓) ∗ (−𝐴𝐴 ∗ 𝑢𝑢2𝑥𝑥 − 𝐵𝐵 ∗ 𝑢𝑢2𝑦𝑦 ∗ 𝑐𝑐𝑐𝑐𝑠𝑠(𝜓𝜓))/(𝜌𝜌3 ∗ 𝜌𝜌2 ) +𝐵𝐵 ∗ 𝑢𝑢2𝑦𝑦 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓) ∗ (𝐴𝐴 ∗ 𝑢𝑢3𝑥𝑥 + 𝐵𝐵 ∗ 𝑢𝑢3𝑦𝑦 ∗ 𝑐𝑐𝑐𝑐𝑠𝑠(𝜓𝜓))/( 𝜌𝜌3 ∗ 𝜌𝜌2)) 
𝑃𝑃21 = −� 2𝕚𝕚ℏ𝑤𝑤� 𝐽𝐽1(𝑧𝑧2)𝐽𝐽1(𝑧𝑧1)𝑡𝑡2𝑡𝑡1         ∗ (𝐵𝐵 ∗ 𝑢𝑢2𝑦𝑦 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓) ∗ (−𝐴𝐴 ∗ 𝑢𝑢1𝑥𝑥 − 𝐵𝐵 ∗ 𝑢𝑢1𝑦𝑦 ∗ 𝑐𝑐𝑐𝑐𝑠𝑠(𝜓𝜓))/(𝜌𝜌2 ∗ 𝜌𝜌1 ) +𝐵𝐵 ∗ 𝑢𝑢1𝑦𝑦 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓) ∗ (𝐴𝐴 ∗ 𝑢𝑢2𝑥𝑥 + 𝐵𝐵 ∗ 𝑢𝑢2𝑦𝑦 ∗ 𝑐𝑐𝑐𝑐𝑠𝑠(𝜓𝜓))/( 𝜌𝜌2 ∗ 𝜌𝜌1)) 
𝑃𝑃13 = −� 2𝕚𝕚ℏ𝑤𝑤� 𝐽𝐽1(𝑧𝑧1)𝐽𝐽1(𝑧𝑧3)𝑡𝑡1𝑡𝑡3         ∗ (𝐵𝐵 ∗ 𝑢𝑢1𝑦𝑦 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓) ∗ (−𝐴𝐴 ∗ 𝑢𝑢3𝑥𝑥 − 𝐵𝐵 ∗ 𝑢𝑢3𝑦𝑦 ∗ 𝑐𝑐𝑐𝑐𝑠𝑠(𝜓𝜓))/(𝜌𝜌1 ∗ 𝜌𝜌3 ) +𝐵𝐵 ∗ 𝑢𝑢3𝑦𝑦 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓) ∗ (𝐴𝐴 ∗ 𝑢𝑢1𝑥𝑥 + 𝐵𝐵 ∗ 𝑢𝑢1𝑦𝑦 ∗ 𝑐𝑐𝑐𝑐𝑠𝑠(𝜓𝜓))/( 𝜌𝜌1 ∗ 𝜌𝜌3)) 
𝑄𝑄1 = −𝑡𝑡1𝐽𝐽0(𝑧𝑧1) 
𝑄𝑄2 = −𝑡𝑡2𝐽𝐽0(𝑧𝑧2) 
𝑄𝑄3 = −𝑡𝑡3𝐽𝐽0(𝑧𝑧3) 
where
~v1 = ~u3 − ~u2, ~v2 = ~u1 − ~u3, ~v3 = ~u2 − ~u1,
P32 = −(2i/~ω)J1(z3)J1(z2)t3t2
·(A2u3ysin(ψ)(−A1 · u2x −A2 · u2y · cos(ψ))/(ρ3ρ2)
+A2u2ysin(ψ) · (A1u3x+A2u3ycos(ψ))/(ρ3ρ2)),
P21 = −(2i/~ω)J1(z2)J1(z1)t2t1
·(A2 · u2y · sin(ψ) · (−A1u1x −A2u1ycos(ψ))/(ρ2ρ1)
+A2 · u1y · sin(ψ) · (A1 · u2x +A2 · u2y · cos(ψ))/(ρ2ρ1)),
P13 = −(2i/~ω)J1(z1)J1(z3)t1t3
·(A2 · u1y · sin(ψ) · (−A1 · u3x−A2 · u3y · cos(ψ))/(ρ1ρ3)
+A2 · u3y · sin(ψ) · (A1 · u1x +A2 · u1y · cos(ψ))/(ρ1ρ3)),
Q1 = −t1J0(z1), Q2 = −t2J0(z2), Q3 = −t3J0(z3).
The ∆ is the potential depth difference between point
A and B, in the paper ∆ = 0. ulx, uly is the x,y compo-
nent of ~ul, where l = 1, 2, 3. t1 = t2 = t3 = tAB are the
nearest-neighbor tunneling coefficients in direction ~u1, ~u2
and ~u3.
In the table, the abscissa represent annihilation opera-
tors, and the ordinate represent creation operators. The
products of abscissa and ordinate represent the particle
number operator. Each grid in the table indicates a term
in the Hamiltonian, which is composed of the product
of abscissa, ordinate and the data of it. For example,
the data in the first row first column represent the form
−∆2 ak(1)ak(1)†.
Appendix B: Effective Hamiltonian of the
infinite-size system
For infinite-size system, the system has translational
symmetry, so the operator ck(i) at every point A(B) is
equivalent. And the effective Hamiltonian of system with
finite size only has two eigenstates |ak〉 and |bk〉. Hamil-
tonian H
(0)
eff and H
(1)
eff in Eq. (14) and (15) are simplified
to:
H
(0)
eff = −
∆
2
∑
k
(a†kak − b†kbk)
−
∑
~ul
J0(z~ul)tABe
−i~k·~ula†kbk + h.c., (B1)
H
(1)
eff =
2i
~ω
∑
~ul
∑
~u′l
J1(z~ul)J1(z~u′l)t
2
ABe
−i~k·(~ul+~u′l)
·sin(φ~ul − φ~u′l)c
†
k(i)ck(i+ ~ul + ~u
′
l). (B2)
The effective Hamiltonian with two eigenstates can be
rewritten as Eq.(16).
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